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Abstract

In this paper we model the evolution of conjectures in an economy consisting of a large number
of firms which meet in duopolies. The duopoly game is modelled by the conjectural variation (CV)
model. An evolutionary process leads to more profitable conjectures becoming more common
(payoff-monotonic dynamics). Under this class of selection dynamics, convergence occurs to a
small set of serially undominated strategies containing the consistent conjecture. This set can be
made arbitrarily small by appropriate choice of the strategy set. If the game is dominance solvable,
then the dynamics converge globally to the unique attractor.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Beliefs determine behavior; behavior determines payoff. From an evolutionary perspec-
tive, those types of behavior that lead to higher payoffs tend to become more common. Why
not apply the same argument to the beliefs that give rise to those forms of behavior? We
call this theevolutionaryapproach to explaining beliefs. This contrasts withepestemic
approach that seeks to explain beliefs in terms of rationality and the information available
to agents. The evolutionary approach explains beliefs in the context of bounded rationality.

We explore the evolutionary approach to beliefs in the conjectural variat®fsifodel,
which has along history in industrial organization and oligopoly theory but has been subject
tomuch recent criticism by game theorists. We discuss this in defaéiétion 2Not only has
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the CV approach proven useful in a wide range of theoretical and empirical applications,
but it has also been reappraised in several more recent theoretical papskdl and
McCafferty, 1989; Dockner, 1992; Cabral, 1995)

In the CV approach, the duopolistic firm has a belief: its conjecture about how the other
firm will respond if it alters its own output (the conjectupds the derivative of the other
firm’s output with respect to own-output). This belief gives rise to behavior: the firm’s beliefs
about its competitor will determine its own maximizing choice of output in relation to its
competitor’s. This behavior is captured in the decision rule (reaction function). We consider
the particularly simple case of homogeneous good Cournot duopoly with quadratic costs of
production. In this case, the CV model yields linear decision rules with a uniqgue mapping
from beliefs to the decision rules: each decision rule can be thought of as representing or
embodying the belief of the firm. In its most general form, the conjecturan be thought
of as a vision or belief about competition underlying the corporate strategy (decision rule)
of the firm.

We consider an economy populated by firms playing the duopoly game in randomly
matched pairs. A process of social evolution occurs, meaning that beliefs that yield more
profitable behavior in the competitive process will become more common. The nature of
the social evolution can be viewed in several ways. It can be a process of imitation as less
successful firms imitate the more successful. It can be a process of propagation, in that
the best practice of successful firms is spread by some mechanism: the successful firms
diversify (multiply) or the managers of successful firms move and bring the ideas of the
successful firm to the less successful firm types. It can also be a method of selection: the
least successful firms are more likely to go bankrupt than the more successful. We do not
attempt to model this process in detail. Rather, we assume that there is indeed some selection
dynamics at work that leads to beliefs that yield a higher payoff becoming more common
(payoff-monotonic dynamigs

The results we obtain are very clear cut. If we restrict conjectures to a finite set, we
find that the only beliefs that survive in the long-run aleseto theconsistentonjecture
(Proposition 5) Consistencyhere means that the conjecture of a firm about the slope of
its competitor’s reaction function is equal to thetual slope? The surviving conjectures
can be made arbitrarily close to the consistent conjecture by making the distance between
conjectures small enough. The set of surviving strategies corresponds to the set of serially
undominated strategi€df there is a unique conjecture in this set, then itis a global attractor
to the payoff-monotonic selection dynamics. In the case where we allow for a continuous
strategy set, the consistent conjecture is generally the unique evolutionary stable strategy
(Proposition ).

This is an interesting result: the original literature on consistent or “rational” conjectures
saw the justification in terms of epistemic rationality: “rational” firms ought to be correct.
Here, however, we can see an alternative explanation: a population of boundedly rational

2 This is equivalent to Bresnahan’s definition of consiste(fingsnahan, 1981Pther early contributions to the
literature on consistent conjectures inclyéahn, 1977, 1978; Perry, 1982; Kamien and Schwartz, 1983; Ulph,
1983; Boyer and Moreaux, 1983)

3 Samuelson and Zhang (199&)serially undominated strategy is a pure-strategy that survives the iterative
elimination of strategies that are strictly dominated by another pure-strategy.
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firms can evolve to the consistent conjectures. The criticism of the concept of consistency
of conjectures has been even stronger than of CVs in general (see, for exsliaipbeysky,

1987; Shapiro, 1989; Lindh, 199However, this criticism does not apply to the approach
adopted in this work, since the criticisms view consistency from a conventional theoretical
perspective. From an evolutionary perspective, however, the emergence of consistent or
near consistent conjectures is simply a result of selection over time.

2. Conjectural variation duopoly

There is every reason to think that oligopolists in different markets interact in different
ways, and it is useful to have models that can capture a wide range of such interactions.
Conjectural oligopoly models, in any event, have been more useful than game-theoretic

oligopoly models in guiding the specification of empirical research in industrial eco-
nomics.(Martin, 1993, p. 30)

We consider an economy populated at any moment by a large number of firms matched in
pairs playing a duopoly. We model the duopoly using the notiotoofectural variations

Firms choose output levels which are produced with total co$tTG/2)¢'2, i = a, b.
The market price is a linear function of the two outppts= 1 — ¢’ — ¢/. Firm i’s payoff
function is given by

7 (¢ q') =4 (1—qi—qj—%COf>- 1)

Firms choose output levels given a conjecture about the response of their rival to a
change in their level of production. We define such a conjecture as the conjectural variation

paramete':
. dg/
¢ = diql.. )

The maximization of the profit functiofl), giveng’ (2) yields the first order condition:

dr! ; ; ;

d—qi=1—[(2+¢l+0)fil+qj]=a 3)

Eq. (3)defines thelecision rulgDR) of firm i given its beliefy’, which relates the output
of firm i to the output of its competitor. The decision rule is linear and parametrized by the
intercept ternhig and slope terni;, where

q' = ho+hiq’
1 A 1

i i

ho

= . =

2+¢i+c 17 24 ¢t

Firm behavioris described by the decision rujéi, hil} and hence théelief¢. The
conjectural variatiow is usually interpretetias a measure of the expected competitiveness

4 Martin (1993, p. 25)
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of the rival, ranging from a more collusive conjectuge & 0) to a more competitive
conjecture ¢ < 0). In the rest of the paper we will use the terms conjecture and decision
rule (DR) interchangeably.

Given a pair of DRs, the equilibrium output pair is given by the point of intersection. We
restrict conjectures to the ramyg € [—1, 1], capturing all of the economically interesting
cases. The range of DRs runs from the Walrasian whereby the firm produces output up to
the point where price equals marginal cagis= —1) to the perfectly collusivéy = 1).

Itis easy to verify that for pairs of conjectures betwee[1], a stage-game equilibrium
always exists and is stable when- 0. Whenc = 0, the stage-game is stable unless both
firms have conjectures equal to minus one. This allow us to compute the equilibrium pair
{4', ¢/} and the related payoffs as a function of firm’s beligfs

. . . J
ql(¢l,¢j)=3 . 1+¢ +Cj ' . (4)
+ac+c+ 2+ 0)(@ +¢)) + ¢'¢/
A+ ¢/ + )%+ ¢ + 2¢)
2B+ 4c+ 2+ 24 )P + ¢)) + pig)2

Expressiong4) and(5) give the equilibrium output and profits given any two DRS, ¢/},
respectively. If both firms havg = 1, the stage-game equilibrium will be symmetric and
joint-profit maximizing. When both firms hawe = —1, equilibrium will occur at the
Walrasian outcome. If both firms have Cournot conjectgres 0, the equilibrium will
occur at the Cournot outcome.

The consistent conjectukg* is defined as in Bresnahan. If both firms hold the same
conjecture, it ixonsistentf the actual slope of the DR equals the conjectured slope. That
is, ¢* is the solution of thez‘z"1 equation when bothu"1 andg are replaced by*. The solution
is

7'(¢', ¢) =

()

¢*:—(1+5)+ dotc” )

2 4

The consistent conjecture is always strictly negativeqfaroo), becoming more negative
asc falls, until ¢* = —1 whenc = 0.

3. Theevolution of conjectures
Individual firms in any one period can only adopt a pure-strategy. The finite and ordered
strategy set common to all firms is defined as
& ={¢;:¢; €[-1,1], i=1...,n}
For example@ can be a grid of granularityso that: = 1 + (2/6):

2
¢E{¢ii¢i=—1+8i, i:O,...,g}

5 In fact all, of the results of this paper apply if we restrict attention to conjectures in the ratige][where
k> 0.
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When two firms meet their payoff will depend on the specific DRs they employt; et
be the payoff when DRplays DR; so that the: x n payoff matrix isT = [=; ], where
i,j=1,2,...,n,denote row and column, respectively. The distribution of the population
across DRs is summarized by a stateectorz(r) = {z1(?), z2(0), ..., 2, ()}, wherez; (r)
represents the share of the population adoptingi BRtime.% The setC at timer is the
set of conjectures with strictly positive population shares (e.g. it excludes those conjectures
which are not being adopted by any firm). This is calledghpportof z(r) and is defined
asC(z() ={¢p; € @ :z; > 0}.

Given a population distribution(r), we can define the averagpayoff of conjecture;
as

w(¢i, z2) = szmj.
=1

The average payoff of a particular conjecture depends on the distribution of conjectures.
The selection dynamics gives the evolution of the distribution of conjectures over time.
We adopt the standard forms:

zi = 8i(2)zi (7)
for continuous time, or,
Zigt1 = Ziy + 8i(z(D)ziy 8)

for discrete time. In both cases, however, the funciggf) specifies the rate at which
pure-strategy (DR;) replicates when the population is in stateWe focus on a par-
ticular class of dynamics calleplayoff-monotonicA regular growth-rate functiorg is
payoff-monotonidf, for all z

(i z) > n(¢j.2) < gi(z) > g(2) ©)

payoff-monotonicity requires the growth-rates of each firm type to respect the internal
ordering of their payoffs. The regularity gfensures that the associated system of differential
(difference) equations possesses a unique solution through any initial state in the unit simplex
A, a solution that never leaves the simplex.

We are interested in identifying stable equilibrium population profilesegailibrium
population profilez(r) is one where all strategies with(r) > 0 earn the same payoff. This
is a state of rest of the dynamic procesé8sand(8). However, as onlgtableequilibria
are likely to occur, we use stability as a criterion to select between equilibria and rule out
trivial cases. There are two concepts of stabilityl fifapunovstability and (ii)asymptotic
stability. Broadly speaking, a populatiatr) is Lyapunov stable if all solutions that start
sufficiently closdo z(¢) stayclose a statez(r) is asymptotically stable if it is Lyapunov
stable and if, in addition, any trajectories startificiently clos¢o z(¢) approactt (¢) as
t — 0Q.

6 The population proportions are non-negative and add up to one in each period. #éneeA, the unit
simplex. The state vectar(z) is formally identical to a mixed strategy where thaepresents the probability of
playing pure-strategy;.

7 Or expected payoff in the case of the mixed strategy interpretation.
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4. The Nash-equilibria of the conjecture game

As is well known, there is a close relationship between the dynamic equilibrium and the
Nash-equilibrium. Thus, in order to understand the evolution of conjectures in the economy,
we need to analyze further the stage-gafhe- {®, 7', i = a, b}. If we can identify the
properties of the Nash-equilibrium, we will be able to identify and characterize the stable
equilibria for the dynamics.

We interpretl” as a hypotheticatonjecture gamdetween two firms. The game has
two stages: in stage 1 the firms form their conjectures, and in the second stage the outputs
are determined given the chosen conjectures (accordirig)}olt should be clear that
the conjecture game is purely hypothetical, being a fiction which we use as modelers to
understand the evolutionary dynamics of the econdrhg individual firms in our economy
never play the conjecture game: in any period, they simply play the output game given their
current conjectures.

4.1. Continuous strategies

In order to analyze the stage-game with a finite strategypsete will first analyze
the related game where we treat conjectupb|s a continuous variablg® = {¢' €
[-1, 1], ', i = a, b}. There is a unique pure-strategy equilibrium; this is strict when0
and weak ife = 0. Furthermore, the equilibrium conjectures aoasistent

Proposition 1. Consided” = {¢' € [-1,1], 7', i = a, b}.

(a) Letc > 0. There exists a unique and symmetric Nash-equilibrium where both players
have the consistent conjectupé.

(b) If ¢ > 0,the equilibrium is strict an@™* is ESS

(c) If ¢ = 0,the equilibrium is weak and there exists no ESS

The conjecture game thus has a unique Nash-equilibrium in which both firms hold the
consistent conjecture. In the case of strictly convex casts 0), the Nash-equilibrium is
strict and hence aevolutionary stable strate§yESS.

4.2. Finite strategy sep

We now turn to the case of a finite strategy @etyielding the discrete conjecture game

= {®, 7', i = a, b}. As we move from the continuous case to the discrete case, the set
of Nash-equilibria of the game changes. In particular whefeas {¢' € [-1,1], 7;,i =
a, b} is dominance solvable and yields a unique Nash-equilibrilina; {®, 7', i = a, b}
need not be dominance solvable and the set of Nash-equilibria may contain more than one
element. The analysis that follows identifies more precisely the equilibrium set and also
gives an algorithm to compute the Nash-equilibridin

8 For definition, se¢{ofbauer and Sigmund (1990)
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A pure-strategyp’ for playeri is said to bestrictly dominatedby another pure-strategy
¢ ifforall ¢/, n(¢', ¢/) < n(d , $7). A set of strategy pairs is denoted= (¢, ¢/) € @2,
where®? is the product space of all possible strategy pairs. Consider a sbsépossible
strategy pairg, ¢ € ¥* C &: we can define the set of playgs undominated responses
tow®:

VW) = (¢’ € DI € )3 € D)in¢.¢) = 7@ $).

That means i’ is in the set/!(¥7), then for anyp’/ occurring in&®, ¢ yields as high a
payoff as any othep’ occurring in@~.

LetU¥T) = (U'(¥T), U/ (¥T)) be the list of undominated responses for each player, and
letU(¥7) € % denote the interval formed between the highest and the lowest undominated
responsesifif(U(¥7)), supU(¥7))]. We can then define a new subgett! of strategy
pairs, allowing only those pairs where both conjectures lie in the rai{@e). In moving
from ¥ to w1 we are in effect deleting those conjectures that were dominated.

Definew® = @2, the full set of possible strategy profiles. A stratepjyis serially
undominatedf ¢/ € U (@) for all 7. Let us denote the set of undominated strategies
asv" = (72, ¥", with conjectures in the range/, ¢"“]. Conjectures in this set remain
undeleted, never being strictly dominated.

We show that the set of pure-strategy Nash-equilifiss non-empty, and that" con-
tains the smallest and largest serially undominated strategies. Furthermore, for all seri-
ally undominated strategis there is a symmetric equilibrium where both firms play the
strategy.

Proposition 2. I' = (&, 7', i = a, b).

(a) The set of pure-strategy Nash-equilibria/ofs non-empty and contains the largest and
smallest serially undominated strategigs’, ¢“}.

(b) For any serially undominated strategy e [¢", ¢*], there exists a symmetric pure-
strategy equilibrium(¢’, ¢’).

Finally, we need to relate the results directly to the concept of consistent conjectures. The
consistent conjecture is always contained within the range of undeleted conjectures.
Proposition 3. Consider the consistent conjectusé:

(a) if g™ € &, theng™ € ¥, and(¢*, ¢*) is a symmetric pure-strategy equilibrium and
(b) if ¢* ¢ @, theng* € [¢“, ¢"].

Let us define the set @lmost consistent conjectures’ C @:

P* = (¢! e W' 1 ¢ = arg ming* — $)?). (10)

In the case wherg* ¢ @, thend* contains either one or both of the conjectures nearest
to the consistent conjectute. Clearly,®* C w*. The almost consistent conjectures are
undeleted, and hence there exists a symmetric pure-strategy equilibrium in which both firms
have the same almost consistent conjecture.
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Let us take an example of a discrete strategy set generated by forming a grid with max-
imum grid lengths = max|¢' — ¢t1|. The next proposition considers what happens as
becomes small. if is small enough, then undominated conjectures will be close to the con-
sistent conjecture. Since consistent conjectures are negative, it implies that all undominated
strategies become negative (i.e. more competitive than the Cournot conjecture).

Proposition 4. Considerl” = {®,7',i = a, b}. Let—¢* > ¢ > 0. There exists @ > 0
such that for alls < § if ¢/ is a serially undominated strategnen|¢’ — ¢*| < e.

5. Thedynamic equilibrium

In this section we state the main result of the paper: the global convergence of payoff-
monotonic dynamics to a small neighborhood of the consistent conjegturé/e start
from the implications of payoff-monotonic dynamics for aggregate equilibrium behavior,
in particular its relationship with Nash-equilibrium in the stage-gdine {®, 7', i = a, b}
and serially dominated strategies. It has been shown Rathbar, 1990; Bomze, 1986;
Samuelson and Zhang, 1992)

(a) if z € Ais Lyapunov stable iti7), thenz is a Nash-equilibrium of the stage-game,;

(b) if z € Ais the limit to some interior solution t), thenz is a Nash-equilibrium of the
stage-game;

(c) if z is a strict Nash-equilibrium, thenis asymptotically stable; and

(d) if a pure-strategy does not survive the iterated elimination of pure strategies dominated
by pure strategies, then its population share converges to zero in any payoff-monotonic
dynamics from any initial state(0) € int(A).

Lyapunov and asymptotic stability implies aggregate Nash behavior under the dynamics
(7) and(8). Moreover, provided that the initial staz€0) is completely mixed (i.e. has full
support ond), all strategies outside the set of serially undominated strategies are eliminated
by any payoff monotonic selection dynamics regardless of whether it converges. Cycles
cannot be ruled out, but the strategies in the support must all be serially undominated.

What we now show is that if we can choose the grid to be fine enough, all surviving
conjectures will be close to the consistent conjecture. To put it another way, the set of
undominated strategies can be made arbitrarily close to the consistent conjecture, and there
is global convergence to this set in the long-run.

Proposition 5. . ConsiderF = (&, 7', i = a, b}. Assume thag(0) is completely mixegnd
lets = max|¢' — #+1| denote the maximum grid lengtfor arbitrarily small positives,
there existé(e) > 0 such that fos < §(e),

If lim z;(r) > 0, then|¢; —¢*| < e.
=00
Whilst we know that there is convergence to the set of undominated strategies, there are

different types of equilibria. We analyze the stability properties of the possible equilibria
and show that pure strategy equilibria are in general asymptotically stable (because they are
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strict equilibria) whilst equilibrium states that mimic mixed strategy equilibria are unstable
due to not satisfying Lyapunov stability conditions.

Proposition 6. Considerl” = {®, 7', i = a, b}.

(a) pure-strategy Nash-equilibridp’, ¢/) € N are generally strict and therefore are
asymptotically stable
(b) All equilibrium stateg™* in which#C(z*) > 1 are Lyapunov unstable

If more than one strategy is played in equilibrium, a perturbatiagi tdowever small,
leads the system to a different equilibrium where only one of the two strategies survives.
It should be clear that, if present @, the consistent conjecture is an element of the set of
serially undominated strategies. However, due to the discreteness of the strategy space, there
might be more than one undominated strategy. However, as we knowHFroposition 4
if the distance between consecutive strategie® is made small enough, then the set of
serially undominated strategies can be contained in an arbitrarily small neighborhood of
the consistent conjecture. Furthermdpepposition 6tells us that only the pure strategy
equilibria where all firms have the same conjecture are stable.

6. Conclusions

In this work, we have taken a model in which firm behavior depends on firm beliefs.
Firms play the conjectural variation duopoly, and their belief is their conjecture about the
slope of other firms’ reaction functions. We analyze this in the context of an evolutionary
framework, in which more successful types of rules become more common. We model the
Darwinian process using payoff-monotonic selection dynamics. Analytically, we find that
in the case of strictly convex costs, the uni@ifSs the consistent conjecture. In the case of
no costs, there exists S S and the consistent conjecture (Bertrand) is a dominated type.

We consider the case of a finite set of possible conjectures and study the properties and
equilibria of the dynamics. Analytically, we find that for a fine enough grid, the dynam-
ics converge to a small neighborhood of the consistent conjecture. This set is formed by
the serially undominated strategies, and we show that all symmetric serially undominated
strategy profiles are pure-strategy Nash equilibria. These symmetric equilibria are generally
strict and therefore asymptotically stable in the class of dynamics considered. The serially
undominated strategies (conjectures) are negative, and the equilibrium is therefore more
competitive than the Cournot equilibrium, confirming similar findings of other papers deal-
ing with dynamic duopoly gamég&ershtman and Kamien, 1987; Reynolds, 1987; Maskin
and Tirole, 1987; Driskill and McCafferty, 1989)

We believe that the framework proposed in this model provides a rationale for consis-
tency of conjectures based on bounded rationality and evolutionary selection. Most of the
criticisms of the consistency and conjectural variations have focused on the issue from the
perspective of classical game theory based on perfect rationality and common knowledge.
Whilst we accept these criticisms as valid within their own framework, our approach is
based on different, and we believe more plausible, foundations.
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Appendix A. Proofs
A.1. Proposition 1

(a) Maximization of the payoffs functions as given in (5) with respegt tgields the best
response functiog:

1

V=B =

i,j=ab, i#] (A.1)

The best response conjecture corresponds to the actual slope of the rival's reaction
function in output space. Solving the above system yields the unique Nash-equilibrium
conjectures for the two firms. As the algebra shows, both firms have the same conjecture,
and it is equal to the consistent conjectygrefrom Section 2

)+ dotc? (A2)

o =¢ = =—(1+5 .

2

Note that 0> ¢* > —1, with |¢*| strictly decreasing ir. Uniqueness is established
noting thatg(-) is a contraction mapping. Since

e 1

PS4l T @reren

(A.3)

for ¢ € [—1, k] (wherek > 1), andc > 0, this implies that the solution is unique.

(b) If ¢ > 0, then the payoff function istrictly concave ing;, hence the equilibrium is
strict andESS

(c) If ¢ = 0, the equilibrium conjecture is equal tel and implies zero profits what-
ever the conjecture of the rival firm so that the equilibrium is weak. From the defini-
tion of ESS it must be that(—1, —1) > n(¢', —1) and if 7(—1, —1) = n(¢', —1)
then,n(—1, ¢/) > n(¢', $/) noting thatr(—1, ¢/) = n(¢', —1) = 0, V¢, ¢/ and
that(¢', /) > 0,Ve', ¢/ £ —1, the only Nash-equilibrium of the game, given by
(=1, —1) is not ESS. Moreover being the equilibrium unique, there are no others
ESS.
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A.2. Proposition 2

A.2.1. Part(a)

Consider the full set of strategy profil@s® and let¢® = supw?) and¢® = inf(¥9).
Fork > 1 defineg* = BR(¢*~1) and¢* = BR(¢*1). WhereBR(¢*~1) and BR¢* 1)
denote the collections of the largest and smallest best replies for playetsg to 91 and
¢*1, respectively. Firstly, we show that(w*) c [¢, ¢¥]. This is trivially true fork = 0O;
assume it is true fok < r. Then

U cu(g’, ¢ c gt ¢t (A9

The first inclusion follows from the observation thidtis a monotonic non-decreasing
function; the second inclusion is readily proved using two properties of the payoff function:

e ¢ [>0 1 ¢ <d
5¢! <0 : ¢4
P2 Monotonicity of the best reply: I’ is a best response ¢ andé' is a best response
to ¢/, whereg/ > ¢/, theng’ > ¢'.
whereg' is the best responsedd. By definition BR.¢*) andBR(¢%) are inU([¢¥, ¢*]) and
thus [BR¢"), BR(#")] C U([¢", ). Consider a strategy profile ¢ [BR(¢"), BR(¢")]
and let¢’ > ¢* = BR'(¢*). We claim tha®’ ¢ U[¢*, $*] becausep* strictly dominates
#'. Indeed for any € [¢F, ¢*],

(@', ¢7) — n(¢*, ') <0 (A.5)
becausep* is the largest best reply to the largest profife the best reply to any other
profile in [¢, ¢*] is smaller tharp* thanks to P2. In addition property P1 ensures that the
above inequality holds. Similarly i5*' < BR(¢*). Hence sup/([¢*, ¢*]) = BR(¢*) and
inf U([¢*, ¢*]) = BR(¢"), and we conclude thdl ([¢*, ¢']) = [BR(¢"), BR(¢")].

The sequence?, o1, ..., ¢" andg?, ¢1, ..., ¢ have limitsp ande, respectively. We
now show thatp (and similarlyg) is a Nash equilibrium profile. If this were not the case,
then for some player= a, b there exists some othere [¢, ¢] such that

(@', ¢7) > n(¢’, ), (A.6)

but then again the monotonicity of best replies coupled with P1 impliesdttstictly
dominatesp, which contradict® being the limit of the sequence.

P1

A.2.2. Part (b)

Having proved part (a) of the proposition, we only have to show that the set of Nash-
equilibria is a closed, bounded and convex subseb.ofet § = |$ — ¢| be the distance
between any two adjacent strategie@iDefineV! (¢, §) = n(¢' =8, ¢/)—n(¢', ¢/), where
(¢! — 8, ¢7) is the payoff to player adopting the strategy immediately to the left of the
strategy adopted by playg(¢/). Similarly letVi (¢, 8) = (¢’ +6, ¢/) — (¢, ¢/). Define

S ={¢' € @|Vi(9,8) <0} (A7)
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and

§'={¢' € DIV (¢.6) < 0). (A.8)
P1 implies that if

(@ ¢)) < n(¢'. @), forp <o, (A.9)
then

(@', ¢)) <n(@',¢)), V<o

and similarly forg > ¢, V¢ > ¢. For a givers, both Vi (¢, §) and Vi (¢, §) are continuous
in ¢ and cross the horizontal axis only once over the rangk k], kK > 1. It follows that
S’ andS$' are closed, bounded and convex subsets.of

Define the intersection of! and S’ asS' = §' N S and let€ = {(¢',¢/) € § =
St x S/|¢! = ¢/} be the set of symmetric strategy profilesSinWe now show thap is
a Nash profildff ¢ € £ Theonly if part of the statement is obvious from the definition
of Nash-equilibrium. Théf part is proved by contradiction. Consider a profiles £ and
assume that it is not a Nash equilibrium; this implies that there exists a stigtegyh
thatn(¢', ¢/) > 7(¢', $/). Assume thap > ¢; it follows that(¢’ + 8, ¢/) > 7 (¢, /)
and Vi($,8) > 0 contradicting the assumption thate £ Mutatis mutandisthe same
contradiction is derived assumigg< ¢.

A.3. Proposition 3

Part (a) This is trivialp* is the unique serially undominated strategy irand it remains
undominated if present ig.

Part (b) We prove it by contradiction. Cleayf and¢* are, respectively, the smallest
¢ € @ such thatVi(¢, §) < 0 and the largest! (¢, §) < 0. We also know thap* > ¢“.
Consider any finite strategy sét spanning the interval-{1, 1] and assume that* ¢
[¢“, #*]. This implies that eithep* > ¢* or ¢* < ¢*. Suppose thap* > ¢*; this will
imply that 7(¢* + 8, ¢*) < m(¢*, ¢*) which contradicts thap* is a best reply to itself.
Similar results occur if we assume tht < ¢*.

A.4. Proposition 4
Let us assume the contrary: there exists sa@rhe< é < 0 such that for al5 > 0,

#" > ¢ (and analogously for undominated conjectures besyv In this case, since” is
undominated for al§ > O,

(¢" -8, ¢") < [(¢", ¢"). (A.10)
But, for any¢” > ¢*, B(¢") < ¢*, with
IB@"). ¢") > I(@", ¢"). (A.11)

Letd = ¢ — B(¢). Then fors < 3,
o(@" — &), ¢") > @", ¢*), (A.12)
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the desired corJtradiction. The same argument holds when there is a lower poumd
such thapp* < ¢ for all § > 0. Hence as — 0, ¢" — ¢* and¢” — ¢*, from which the
Proposition immediately follows.

A.5. Proposition 5

By Proposition 4all undominated strategies can be made arbitrarily close to the consis-
tent conjecturep* by choosing a maximum grid length small enough. Payoff-monotonic
dynamics eliminate serially dominated strategies (Samuelson and Zhang); thus, given com-
pletely mixed initial conditions, the only surviving strategies in the long-run belong to the
set of undominated strategigg'. It follows immediately that if§ is small, any surviving
strategy will be close t@*.

A.6. Proposition 6

A.6.1. Part (a) )
All ¢ such that¢” < ¢ < ¢* are strict Nash-equilibria because bdtlig, §) and

V (¢, 8) are negative. All strict Nash-equilibria are asymptotically stable under the dynamics
considered, and@l* andg" are in general strict Nash-equilibria, being weak only if by chance

V(¢",8) = 0 or V(¢*, 8) = 0. However, the case of a weak equilibrium is not robust. A
small perturbation té, the distance betwee¥ (¢*) and the strategy immediately to its left
(right), will not alter the setV'of Nash-equilibria and will make* (¢*) a strict equilibrium.

A.6.2. Part (b)
We show that such state$ do not satisfy the conditions for Lyapunov stability. Taking
the case where@(z) = 2, with¢; < ¢, the profit to strategieg; and¢; are, respectively

7w = zimi; + (L —z)mi j, (A.13)
and

7j=zinji+ 1 —z)7mj . (A.14)
Recall that these strategies belong to the set of serially undominated strategies and therefore
are strict best replies to themselves:

ﬂj,,' < T < ﬂl‘,j < 7'[]"./'

and(d(w; — ;))/(dz;) > 0. Given a neighborhoot of z*, a trajectory originating from

it will converge to a monomorphic equilibrium state where only one of the two strategies
survives. The proof easily generalizes to the case where there are more than two strategies
in the supportC(z*).
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